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d&The problem com3dezed here I s  the stabil i ty of solutions of m- 
J 

m a r  UfeRnceeqUStians containing random elem!=nts. 
Liapounap thew for determinietic system we introduce the concept~ oi 
a random equiubriun point and S t a b U t Y  of a landan solutloa in m- 
b w t y  88 well as an almost everywhere or almost sure asymptotic stabl3lty. 

Gulded by the 
I 

The result6 Obtabea lDugbly 86 follaWe. A S m C f e p t  a- I 

tion for 6tabUty in pmbbi l i ty  is tls erirrtexlce of a 1)oBltiva tMf'in$b 

far asymptotic stabil i ty almcmt everywhere the existence of a decreas- 
C d - U S  function which 18 8 6lQemrt- along *be S d l Z k b ~  a 

I 
i t ive sugermsrtingiale. showing tbe counterprt of the W s e n r  the0 *F (see Dl), nemeu that the existence.of a ~apounov function is a &i7@ 

arry condition for an approprl8te type of StSbUty, seem 88 yet eluaiv2, 
I n  particular we give e ~ t ~ ~ p f e ~  of the application of t h  above theorem 
to randrom difference equ6tions. 
differential eqilstions. 
tfie geruemlization ie nat given hem. 

Of course our results genelallze t o  

However the details tend t o  obscuff the ideas a d  
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I. Definitions and theoram. 

We consider the following random system of equations 

and xo a given randan vector variable, where f is a contimu6 real 
valued vector function and rn a seqwnce of m d o m  quentitie!s, It 
w i l l  be assrrmed that them exist an a.e. unique rsndom osrlable 

. -  
xe 

S a t l . 8 ~  

I 

xe = f(xe, rn) for n L 0 

!L%e first case w i l l  be called degenerate. How we define a clsss ob 
- allowbble in i t i a l  conditions in the degenerate a d  nondegenemte cases; 

Definition 1. 

a.e. constant random variables i n  the dem?~erSte case- 

C(M, xe) 
such t h a t  e88 suplbl - xell S M 

is the class of all i n i t i a l  random WSriabbS 

in the nondege=m* case spd a l l  
x1 

Havbg defined an admissible class of ini t ia l  conditions C(M, xe) 

cp(n, xl) the solution of 
we introduce the following concepts of stabi l i ty  and eLsymPtotic stablllty 
of an equillbriun point of (1.1)~ denoting by 
(1.1) with i n i t i a l  csndition 

'('I 11 11 denotes Euclidean norm, and P the probability m e a a u ~ .  

i '  



Definition 2. An equilibrium point xe of (1.1) is stable relative - 
to  C(M, xe) iff for every E > O  there exists a 6 > O  such tbat for 

P(II'p(n, xl) - x,ll 2 E )  < E  for a n  n 

LI 

eve= 5 E C(M, xe) satisfying P(Ib1 - xell 2 6) c 6 t& 
0, - 

Depinitioa 3. An equilibrium point xe of (1.1) ia mylaptot icalls 
stablre relative to C(M, xe)  

for a l l  5 E C(M, xe) 

iff it is stable relative t o  C(M, xe) and 
. 

~bem E I gn) is t k  c o a m n a i  expectation [see 121 wpter VIII. I 
l!#ou the following theorem gives a sufficient condition for stabillty, 

- 

Theom 1, Sqpose tbem. exists a positive definite continuous function v 
continuous at such that V(O) = o and tk seqwnce V(q(n, x l )  - xe) 

for all xl E C(M, xe) ie a sugerrpsrtinpale with xe an equilibriua point 
of - (1.1). xe is  stable relative to C(M, 4). 



I .  

- proof. Them exist a and 6 continuous positive nonldecreasing fbc-  
tioas such that 

[see [ll pr00f ~f c o r o ~ a r y  [1.2] for the construction]. 
nondecnxtsing positive function (are1 function) g and l~ndom 

x it is knawn that 

HOW for any 

It follows fmm (1.4) that 

Consequently (1.6) and the s ~ n m s r t l ~  property iraslLes 
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and using (1.4) OF w i t h  (l.5) thrt 

for all  xl E C(M, xe). xe an equllibriun solution of (1.1) 
as ymptoticsUg stable relative to C(M, xe). 

or 
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NOW we apply the pleviorps theorems to the  following examples. 



. 
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stable relative t0 C(M, 0) for any M, since with V(x) - X'BK 

Theorem 2 is seen to apply. -her, for any ini t ia l  vector zxmdom , 

variable xo such tht mpc0 c a+, 5 4 0  a.e.P and L* aa can 

be seen by examimtlon ai tbe pmof of Theorrem 2. L2 comrgerrce ob 
the system is of cou18e well Imown uder a tensor produet colldition 
corresponding t o  tbe atme condition (see 171). 

-= (Qh. Bn, rn, en) - paireriee -Pe-=t - - -- 
able6 and for each n, etc. ~ r e  ldentlca3ly distributed. Bow if 
E($: + rz) < 1 ard E($+ pf + e:) C 1 tben the equlllbrlum point (0, 0) 
is Seen t o  be asymptotically stable by Theoreat 2 the iuactlon 
v(x, y) = x2 + 8. 

In [h ]  a rather 6- definition of Btabillty in prpbebllity I s  eppbn 
but tbe results are weaker, and almost sure stability is not capleidemd. 

We mention tbt a =sat of the type of 111, section ?,can eae- be o b t s ~  
for the stability of an optimized stochestlc control s y s t e m  (see C61). 
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